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Abstract

I consider a two-period first-price auction where the auctioneer sells a single unit each
period, and discloses only the winner’s identity between the periods. If a bidder wins both
auctions, either (a) the first unit makes the second unit more valuable(synergy) or (b) the
first unit has no causal effect(no synergy) but is a byproduct of a bidder highly valuing both
units(affiliation); the presence of synergy entails different auction design, such as whether to
bundle both units or not. Under the independent private value paradigm, I develop a model
that treats synergy and affiliation separately. For the separation, I use a nonparametric
identification strategy; the strategy is also applied to making the kernel density estimator

whose simulation result shows its accuracy.
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1 Introduction

Consider two agents, where one agent experiences an event more frequently than the other. In
the context of an auction, this repeated experience is analogous to the winner of the current
auction being more likely to win subsequent auctions.

One possible explanation for the repeated winning is that owning the current object enhances
the preference for the following object, indicating a synergy between the two. Knowing the
degree of synergy helps the auctioneer’s decision: the FCC’s spectrum auction separates licenses
into groups where those with high synergy are located in the same group, while across groups,
licenses have minimal synergy.! Another explanation for the repeated wins is that bidders have
different preferences for the objects, and these differences persist in subsequent auctions; in
this case, the same bidder wins many auctions even without the presence of synergy. Without
confirming the degree of synergy, the auctioneer may erroneously believe in the first explanation
when the truth is the second explanation, known as the spurious state dependence (Heckman
(1981)).

Repeated winning occurs when a bidder wants more than one object, a situation known
as multi-unit demand. Papers assuming a multi-unit demand have mostly focused on auctions
other than the first-price sealed-bid: these include second-price sealed-bid auctions (Katzman
(1999), Liu (2021)), English auctions (Branco (1996), Donna and Espin-Sénchez (2018)), and a
combination of English and first-price sealed-bid auctions (Kong (2021)).

Jofre-Bonet and Pesendorfer (2003) is among the studies that focuses on repeated first-price
sealed-bid auctions. In their paper, a bidder? wants multiple projects, but previously won
projects causes him to bid less aggressively. The causal effect of owning one object on the
value of another is also modeled in Arsenault-Morin et al. (2022), Gentry et al. (2023), and
Altmann (2024). Each of the three models assumes that this causal effect, or synergy between
the objects, is solely determined by the characteristics of the objects. This sole determination
does not allow the synergy between the objects to vary based on how much a bidder values
them; in my model, I use a function § to allow this variation.

I examine two-period first-price sealed-bid auctions in which single object is auctioned off
each period. Between the two periods, the auctioneer discloses only the first auction winner’s
identity to the bidders, without revealing the winning bid. This limited disclosure and its effect
on a bidder’s bidding strategy have been discussed in Bergemann and Horner (2018). Their
paper and my model both assume a bidder’s multi-unit demand, but I use Perfect Bayesian
Nash Equilibrium instead of Markov Perfect Equilibrium.

In my model, a bidder’s value for the first object influences both the value and the likelihood
of his valuation for the second object through Fj;. When the values for both objects highly
correlated for him, his value for the second object closely mirrors his value for the first object.
This high correlation, captured by Fy;, is distinct from how his value for the second object
changes due to his owning the first object, represented by the function ¢ (Section 2). This dis-
tinction helps the auctioneer accurately assess the auction at hand. Since equilibrium strategies

are derived by restricting the possible set of bid distributions, not every distribution can be

!See Subsections C and D in Federal Communications Commission (1994).
20ne of the Regular bidders in their case, not Fringe bidders.



rationalized by my model. Section 3 demonstrates that both § and Fj; can be identified with
limited observations: the winner’s identity and the winning bid are sufficient. The case where
all bids and bidders are observed is a special case. Section 4 details the multi-step estimator,

and Section 5 confirms the estimator’s reliable performance through Monte Carlo simulations.

2 Model

I present the framework in 2.1 and introduce the Bayesian Nash equilibrium strategies in 2.2.

2.1 Framework

The setting is the same as in Kong (2021) except that I consider a sequence of two first-price

sealed-bid auctions — letters in uppercase and lowercase stand for random variable and realized

value.

w, [: First auction winner(w), first auction loser(l).

Vi, Fi(z): Value of the first object(V7) and its distribution(F;(z) = Pr[V; < z]).
Vs, FQH(:BLZ): V5 represents the value of the second object without the presence of the

first object; it corresponds to the value of the second item for the first
auction loser(l). Consequently, Fy;(z|z) = Pr[Va < z|Vi = 2] signifies
the distribution of the second object’s value for the first auction loser(l)

when having drawn V; = z.

(V1,Va), D(d|2): Consider a scenario where Vo = x is given. 0(V; = z, Vs = x) represents
the value of the second object when the first auction winner(w) possesses
Vi = z worth of the first object. It reflects the value assigned by the
first auction winner(w) to the second item. Given 0(Vi,V2), I define
D(d|z) = Pr[o(Vi,V2) < d|Vi = 2| as the distribution of the second
object’s value for the first auction winner(w) who holds V; = z worth of
the first object.

s1(Vh): Bayesian Nash equilibrium bidding strategy in the first auction; a sub-

script 1 of s1 refers to the first auction.

sy (V1,6(Vi, Va)): First auction winner(w)’s equilibrium® bidding strategy in the second

auction; a subscript 2 of s refers to the second auction.

sh(Vi, Va): First auction loser(l)’s equilibrium bidding strategy in the second auction.

Synergy exists when the adjusted value of the second object from having won the first
object(d(V1, Va)) exceeds the value of the second object by itself(Va). Affiliation exists when
a bidder likely draws a higher vy the more he values the first object; namely, the conditional

distribution of V5 given V stochastically dominates the other with a lower V;. Unlike in Milgrom

3 equilibrium means Bayesian Nash equilibrium unless otherwise discussed.



and Weber (1982), affiliation is the relationship between the two objects, not the relationship
between the bidders’ valuation of one object.

Notations for the bids also follow.

B1, BY, B: First auction bid(Bj); second auction bid of the first auction winner(BY’);

second auction bid of the first auction loser(BY).
Gi(x): Pr[B; < z]; the distribution of the first auction bid.

o1 (@ly): Pr[BY < z|B; = y|; the distribution of second auction bid for the first

auction winner(w) given that he won the first auction with By = y.

Gé‘l(:dy): Pr[B, < z|B; = y]; the distribution of second auction bid for the first

auction loser(l) given that he lost the first auction with By = y.

GY(z|B1 < y): Pr[B} < x|B; < y]; the distribution of the second auction bid for the
first auction loser(l) given that his bid By was less than y.

Auction pair indicates the first and second auctions jointly. Let L be the total number of
auction pairs that the analyst observes; then, I can always find the £-th auction pair for any
te{l,...,L}.

Under private values assumption, any bidder ¢ in any f-th auction pair follows the steps

(0)-(iii).

step(0) The auctioneer determines the extent of information disclosure about the first auction that
he will provide to the bidders after its conclusion — in our model, he chooses to disclose

only the winner’s identity, keeping the winning bid and the losing bids confidential.
step(i) @ draws vy; from F; and places a bid, si(v1i;).

step(iil) The auctioneer concludes the first auction and announces the information based on the
chosen policy in step(0). Each bidder learns whether he has won or lost in the first auction
without the knowledge of the other bidders’ bids.

step(iil) i draws vg; from Fy;(-|v1;). Given the draw of vy, if he is the first auction winner he

values the second object at 6(vi;,v2;) and places a bid s (vis, §(vi4, v2i));

v1; and vy; are not drawn at the same step, which follows the spirit of Kong (2021); vy; is
fixed at step(i), and it influences the distribution of V5 in step(iii).

I use Assumptions 1-5.

Assumption 1 (No Dropout) Given any (-th auction pair from € € {1,...,L}, the set of

bidders remains the same across the first and the second auction (No dropout).

Assumption 2 (No endogenous participation across auction pairs) The set of bidders varies

exogenously across elements in {1,...,L}.



Assumption 3 (Independence’ across auction pairs) Pick arbitrary two elements, say (a,b),
from {1,..., LY%. Any result from the a-th auction pair has no effect on bidders’ valuations and

their strategies in the b-th auction pair and vice-versa.

Assumption 4 § is a non-stochastic function from a set ]R?|r to Ry, which is increasing® in Vs

for every V1.

Assumptions 1-4 render the identification and estimation of the model primitives, [Fy, Fy1, 6],
tractable. Among the assumptions, the Assumption 4 implies that if the value of the second
object increases in the absence of the first object, then the adjusted value of the second object
can never be diminished from owning the first object.

Assumption 5 discusses the independence of valuations across bidders.

Assumption 5 (Independence of valuations across bidders) Pick arbitrary £ € {1,...,L} and
denote the number of bidders as Iy. The values Vij,5 = 1,...,1; are independent and identically
distributed according to Fy; the pairs (Vij,Va;),j = 1,..., I are independent with a joint density

given by f(vi1,va1,. .., vir,v21,) = [150y £ 015, v25).

Within a single bidder j € {1,...,Is}, V2; and Vj; are dependent through Fy|; as expressed in
step(iii); across the bidders, the pairs (V4, V3) are independent by Assumption 5, but the second

auction bids (Bagj,j = 1,...,Iy) are not necessarily independent as described in Remark 1.

Remark 1 The equilibrium bids s1(Vij),j = 1,...,1; in the first auction are independent and
identically distributed as Pr[s1(Vy) < -]. Without loss of generality let bidder k be the winner
of the first auction. The equilibrium bids s¥ (Vig, 0(Vik, Var)), s(Vaj, Va;),j # k in the second

auction are not necessarily independent.

The intuition behind the second auction bids not necessarily being independent is that a
bidder i becoming w or [ in the second auction depends on other bidders’ Vi, j # ¢. Instead,
if I condition on the first auction’s winning bid and winner’s identity, the same second auction

bids become independent (Lemma 1).

Lemma 1 Let the first auction winner be a bidderi. The I; second auction bids are independent
conditional on {Wy = i, Bl"™* = by;} = {Bfi’; < By; = bi;}. The distribution of Ba; given
{Bf}i’l‘- < By; = by} ois ng\l('|b”) whereas for j # i the distribution of Boj; given {Bln}i’j < By; =
bli} 18 GZQ(|Bl S bh‘).

Lastly, I assume in Sections 3 and 4 that the observed bids result from the equilibrium play, so

that by = s1, bY = s, and b, = s} hold.

2.2 Equilibrium Strategies

I derive equilibrium strategies, [s1, sY, 312], such that each strategy is strictly monotone, i.e., sy

is increasing in V; and [312”, 312] are increasing in V, for every Vj.

4independence’ means ‘mutual independence’ unless otherwise discussed.
SY4ncreasing’ is equivalent to ‘strictly increasing’ unless otherwise discussed.



Consider a bidder i with valuations (v1;,v2;) who has to choose by; in the first auction and
Y (resp., b;) in the second auction if he wins(resp., loses) the first auction — the bids [by;, b, b,]
need not be the equilibrium bids [s1(v1:), s¥ (vii, 6(v1s, v2:)), sh(v15,v2;)]. Assume that bidder
i’s competitors follow the equilibrium strategies so that [Bi; = sq, Bé“j = sy, Béj = sé,j # 1],
holds.

Let the number of bidders be I, and according to Assumption 1 the set of bidders remains
the same in both the first and second auctions. To characterize the equilibrium strategies I
reason backward and consider the second auction, which is an asymmetric first-price sealed-bid
auction distinguishing whether bidder ¢ won or lost the first auction.

When i is the First Auction Winner: At the start of the second auction or step(iii) he only

knows that the highest competing bid in the first auction, B"®}, was smaller than his winning
bid by, i.e., BP® < by, Given {B{‘}i’; < bys, Vi = vii, Vai = vgi} the distribution of the highest
competing bid Bgf’; in the second auction is,

Hy' (b)) = Pr [BE™ < - | B < by, Vig = vii, Vai = v (1)

=Pr sy (Vij, Vo) < -5 # i | s1 (Vi) < by j # i, Vai = 14, Vai = v
J» V25 J
= Pr [sh (Vij, Vaj) < ji # | 31 (Vi) < bussj #1]
= HPI“ [Ba; <+ | B1j <bu]=G5(-| By < T
JF#i
where the third and last rows in (1) hold by Assumption 5.5 Using HY (+; by;) the expected profit
from choosing b%; in the second auction is 7§ (v1;, vai, bis, b)) = [0 (v14, v2i) — bY;] HS (by); b14)
given (v1;,v2i, b1;) are fixed. The first-order condition of 7% (v1;, va;, b1i, bY;) with respect to by,
is,
5 ) N pw Hg}(g)zvbll)_wbbw 9
(v1i, v2i) = by; + (0 by) &3’ (b1, b3;). (2)

Assume that £5(by;, by;) is increasing in b5, so that by Lemma 2 I have a unique solution denoted
as 612"1 = §¥ (vi4, 6(v14,v2i), b1;). Using 1312"2, the expected profit in the second auction upon winning

the first auction is,
B - 2 -
7 (v1i, vaisbua) = Hy' (B8:013) " /hg (B3 bus)

A bidder i uses 7§ (v14, v2;, b1;) at step(i). Assume that he has drawn vy; and made a bid by;
and is unaware of the outcome of the first auction. By the unawareness the continuation value

for winning the first auction at step(i) relies on 7% (v14, v2;, b1;) as follows.
VY (015, b13) = By, [75 (014, Vais bis) | BE < by, v14) (3)
. 2
Hy (B i)

~ V1i| >
ny (B o)

= EV2|V1

6Appendix A5 includes an alternative derivation of Hy (+;b1;).



where Béﬁ = 59 (v14, 6(v14, Vi), b1;) is bidder i’s second auction optimal bid when he has won
the first auction with a bid by;. T will use OV (v1;, b1;)/0by; in (9).

VY (v14,b15) _ dGh (b1s)' ™ Jdby y
8611’ Gl (bli)l_l

HY (BY; by

hy (BY; bi;)

(4)

EV2 %

|Gh(Bs; | By < b1i) ~2GYy, (B | bu) — HY (B b | ] .

When i is the First Auction Loser: Let the first auction winner be a bidder k # i. At the
start of the second auction or step(iii), only thing a bidder i knows is {W; = k} = {By; >
bii, Bix > Bij,j ¢ {i,k}}. Given the condition the distribution of the highest competing bid

B3*®* in the second auction is,
9

HY (1) = Pr [BY® < - | By > by, B, > By, j ¢ {i, k}, Vii = v1, Vay = va]
= Pr[sy (Vig, 0(Vig, Var)) < -, s5(Vij, Vaj) < -5 & {i, k}

| s1(Vik) > b1, s1(Vig) > s1(Vij),J € {i, k}, Vig = v, Vo = vy
= Pr[BY®S < - | B > by

7

) n
_ / Pr [BE™ < . | BI™ = 2] dPr [B™™ < 1]
Pr B > bii] o

where the third row holds by Assumption 5. I have an equivalent expression for H%(, b1;) in
(5) because Pr[By** < - | B"*f = ] = Gh(-| By <z)'? Gy (¢ | ) holds for by; < x < by as
shown in Kong (2021).

1 B

Hy(5by) = ——————
? 1— Gy (b)) ™1 oy,

I— _
Gy (| By <) 2 Gy (- | 2)dGa(x) Y, (5)
since Pr [Bfli’z‘- < ac] = G1(z)'~1. Using HL(-;b1;) the expected profit from choosing bh; in
the second auction is 7} (vgi,bu,béi) = (1127; - blm) HY (béi;bu) given (vg;, by;) are fixed. The

first-order condition of 74 (va;, by, béz) with respect to bl% is,

Hj (bl2z'§ bli)
hy (by;; bi)

Vo = bh; + &b (baz, bhy). (6)

Assume that &4 (b1;, b},) is increasing in bl; so that by Lemma 2 I have a unique solution denoted
as bb; = 5b (vai, by;). Using bh, the expected profit in the second auction upon losing the first

auction is,
~1 1 (7l 2 I (7l
o (U2i7 bli) = H2 <b2i§ bli) /hz (bzﬁ bli) .

A bidder 7 uses fré (va;,b1;) at step(i). Assume that he has drawn vi; and made a bid by;

and is unaware of the outcome of the first auction. By the unawareness the continuation value



for losing the first auction at step(i) relies on 7 (va;, b1;).

V! (014, b1i) = Ev, v, {7712 (Vai, big) | B2 > bu,’vli] (7)
3 2
H (Béi; bh-)

Bl (Bl,b ) v
2 2> V1i

=Evyw

where éél = §l2 (Va;, b1;) is bidder ¢ ’s second-auction optimal bid when he has lost the first
auction with a bid by;. T will use OV (v1;, by;)/0b1; in (9).

V! (v, b1;)  dGy (by;)" " Jdby
Oby; 11— (b))t 8

Hé(Béi; b1;)

hh (Bl bis)

(8)

Va|Vi

[Hé(ééi;bli) — G5(Bh; | B < bui) Gy}, (B | bu)} | Uli] :

The First and Second Auction strategies: A bidder i is at step(i). The expected profit from

choosing by; in the first auction given wvy; is,
7 (V13 b1i) = [v15 — b1; + V¥ (v15,01:)] G1 (b1:)" ™" + V! (014, 1) [1 -G (bli)lil] :
Differentiating m(v1;, b1;) with respect to by; gives the first-order condition,

0 {Vw(vli, b1i) G (b)) = + Vi, b)) [1 — Gy (blz')lfl]} /0b1;
dGy (b)) Jdby;
VY (v14,b15) + V! (v14, b1;)

1 G1 (bh) B
—1 g1 (by;

1 Gi(by)
byi+ —— -
YTTIT g ()

L OVU (vybu)  Gi(b)'Th 9V (0w, bu) 1= Ga (b)Y

ablz’ dG1 (bh‘)lil /dbli abli dG1 (bh’)lil /dbli ‘

v = b1 + 7

Using (3)-(4) and (7)-(8), the first-order condition is equivalent to the following,

1 Gi(byy)
i = b i e 9
V1 1+I—1g1(b1¢) ()
Hw(Bwbl) N 3 -
- E 2 20 W Gl (BY | By < by) T2GL L (BY | by) | v,
Z1\% hgf(B;”,.;bli) 2(B; | B1 < bui) 2|1( 5 | b1i) | v1
Hl(Bl"blz’) 1/l -2 5l
+ By, | 2222 GY(BY | By < bu) TGy (B | bi) | v
T R (BY;b1g) |

where Bg}z = §12U (’Uh’, (5(1}11', VQZ’), blz’) and Béz = 512 (Vzi, bh’).
Assume the equilibrium where all the bidders including bidder ¢ follow equilibrium strategies.

The following holds for all the bidders at step(iii) given (vi;,v2;).

bri = s1(v1:), b%, = 5% (14, 0(v1, va;)), by = sh(v1s, ),

Byj = s1,B3; = sy, By; = s5 for j #i.



i’s equilibrium bids [bY, bb,] must equal the optimal bids [bY, bb,] defined in (2) and (6). It
implies that at step(iii) the following holds in equilibrium for bidder i with (v1;, ve;).

Y (14, 6 (v14, v27)) = bY, = b, = 3% (w14, (v, v24), 51 (v13)),

sh(v1, va;) = bh; = bh; = b (va, 51(v1s)).

The equivalences demonstrate the property that the strategies [s¥ (V1, -), s5(V1, -)] are increasing
for every V1. s§(Vi,-) exhibits increasing behavior by the following reasoning: &5 (by;, b%)) in (2)
increases with by for a given by; = s1(v1;) implying that an increase in b4, leads to an overall
increase in 0(vi;,v9;). Given vy; is fixed and d(vy;, ) is increasing according to Assumption 4
it indicates that an increase in b3, implies an increase in v9;. By applying the same reasoning
the decrease in bY; implies a decrease in vg;. Using contraposition the increase(decrease) in v,
increases(decreases) by;. Since by, = 5§ (v1;, 0(v14, v2;)) holds in equilibrium, I prove the strategy
s¥ is increasing in vg;. To demonstrate the increasing nature of s (V4,-) I use the similar line
of reasoning, substituting (6) and b, = s, (v, ve;) for (2) and by, = s¥ (v1s, 6(v1s, v2;))-

In equilibrium at step(i) the following hold for a bidder i with v1;; Vo; is a random variable

at the step.

b1 = s1(v1i),
5% (v14, 0 (v, Vai)) = BY = BY, = 3¥ (v1, 6 (v, Vai), 81(v14)),

sh(vii, Vay) = BY; = Bh; = 3(Vay, s1(v14)),

where BY, and Bl; were defined in (3) and (7). Using B, = BY and B, = B, Treplace BY, with

B§, and Bél with B, in (9). The replacement yields each conditional expectation being taken

over BY|Vy and BL|V;. If s1(-) is increasing(which I will verify soon), conditioning on V; = vy;

is equivalent to conditioning on By = by;. It implies that the conditional expectations By’'|V;

and BL|V; equal BY|By ~ Gg’u(-|b1¢) and BL|B; ~ G12|1(-|bu). The equivalences transform (9)
into (10).

1 Gy (bh)

U1y = b1 + ﬁ o (blz)

— Epv|p, [Héu (Bii: bu

? hy (Bs;; bii)

H} (By;; bi)

hb (B bui)

(10)

G4 (Bs; | Bi < biy)' > Ghyy (B | b) | blz}

+Epiip,

G (Béi | B < b1i>1_2 301 (Béi | bh-) | bli] =& (bui) -

Assume that & (by;) is increasing in by; so that by Lemma 2 I have a unique solution denoted as
b1;, which implies v1; = & (512) & 51_1(1)12-) = by;. In equilibrium the optimal bid by; must equal
b1i = s1(v14) resulting in by = by; = s1(v14). Since fl_l(vli) = by; 1 have 51_1(111,-) =by; = by =
s1(v1;) implying s; = & ! Given the assumption of & being increasing, I conclude that s; is
also increasing.

Lemma 2 verifies why the restrictions imposed on the right-hand side of (2), (6), and (10)

imply the uniqueness of optimal bids.



Lemma 2 Assume &Y and & exist. If €% (bui, bY) (resp., &5(bus, bh;)) is increasing in bY, (resp.,
bh;) for every bi;, unique optimal bid that satisfies (2)(resp., (6)) exists. If & is increasing in
b1i, unique optimal bid that satisfies (10) exists.

GL(-|B; < -) and Gy, () are necessary conditions for the existence of &’(byi, by;) and
fé (b, blzl) Cases exist where the necessary conditions may not hold. For example, if two goods
are perfect complements, G4(-|B; < -) fails to exist because the first auction losers forgo the

second object, anticipating that the first auction winner will bid highly in the second auction.

w
2|1

forgoes the second object, feeling that the first object is sufficient. Two examples illustrate that

If two goods are perfect substitutes, G (:|-) does not exist because the first auction winner
our model is not applicable to every bid distribution, as discussed in detail in Theorem 3. The
Theorem, analogous to Theorem 1 in Guerre et al. (2000), verifies that the strategies [s1, s¥, sb]

are monotone Bayesian Nash Equilibrium strategies.

Theorem 3 Assuming that the bid distributions are absolutely continuous and satisfy the as-
sumptions in Lemma 2, I can identify the model primitives, [F1, Fy1,0], using the approach
introduced in Section 3. Given the identified model primitives, the triplet [&1, £¥, &) from
[(10), (2) ,(6)] are the quasi-inverse of the Bayesian Nash Equilibrium strategies, i.e., £&1(b1) =
sy (b1) = w1, €5(b1,by) = (s8) M (0’3 01) = 8(v1,v2), and &4 (b1, by) = (s5) " (bh; br) = va.

Theorem 3 requires that the triplet [¢1(b1), &Y (b1,bY), £5(by,bh)] are increasing and differ-
entiable with respect to [b1, bY for any by, b, for any b;]. The requirement on the triplet, in

conjunction with the Theorem, establishes the following properties of the equilibrium strategies:

e first auction equilibrium strategy, s; = & ! is increasing and differentiable with respect

to v1 € [&1(b1), £1(b1)]-

e first auction loser’s second auction equilibrium strategy, le = (55)_1, is increasing and
differentiable with respect to va € [€5(b1,ba), &5 (b1, ba)] given any vy € [£1(b1), &1 (b1)].

e first auction winner’s second auction equilibrium strategy, s¥ = (£¥)7!, is increasing and
differentiable with respect to va € [€4(b1,b2), &5 (b1, ba)] given any vy € [£1(b1), &1 (b1)]-

When deriving the equilibrium strategies in Theorem 3, I restricted the triplet to have spe-
cific properties. It implies that under the restrictions the Bayesian Nash equilibrium strategies,
[s1, 312 s¥], are only allowed to be monotone’ and differentiable. Along with the two properties,
the equilibrium strategies are less demanding to compute in programs as it does not involve
solving differential equations; I still need numerical integration on the observed bids, but an
iteration of the optimization procedure is not required. Since the strategies consist of observed

bids, I can plot the strategies [sq, sl2 s¥] as shown in Section 5.

3 Identification

I consider two cases of the observations available to the analyst:

"“monotone’ and ‘monotonicity’ refer to ‘strictly monotone’ and ‘strict monotonicity unless otherwise stated.



e Case 1: The dataset only includes the bids of the winners (B}}**, B5;**) and their identities

(W1e, Woy) in each of the two auctions for any ¢ € {1,...,L}.

o Case 2: The dataset shows all the bids and bidders’ identities in each of the two auctions
for any ¢ € {1,...,L}.

Case 2 requires more information compared to Case 1. Since Case 1 is more common in practice
it is best to address it first. As discussed in 3.2 addressing Case 1 implies addressing Case 2.

I assume that the observed bids result from the equilibrium play throughout Section 3. The
equilibrium play assumption implies that the bidders’ bids satisfy the first-order conditions (2),
(6), and (10). The three conditions connect bid distributions to bidders’ valuations, and the
connection relies on the assumptions stated in Lemma 2. I maintain the same assumptions when
identifying the model primitives [F1, Fy1, d]; so, it is the restriction imposed on the bid distri-
butions that allows us to identify the primitives, rather than the reliance on a prior parametric

specification.

3.1 Casel

The observations I® see are (B, Wi, B, Woy, Zp, Iy) where £ = 1,..., L. Z; is the number
of bidders in #-th auction pair and it remains the same across the first and second auction by
Assumption 1. By)** is the maximum bid among { By, ..., Bz, }; Wy is the index of the random
winner in the ¢-th auction within the /-th auction pair; Z, is the observed characteristic in /-th
auction pair. It may consist of characteristics Z1, of the first auctioned object, characteristics
Zop of the second auctioned object, and interactions between Z1, and Zgy.

For the rest of 3.1 assume that I am interested in identifying the model primitives given
(Z = 2,7 = I) so that the primitives are [F(-|z,I), Fo(:|-,2,1), 6(V1,Va;2)]. To maintain
brevity I will omit writing the (Z = z,Z = I) in 3.1. Given the limited information available in

Case 1, I require multiples steps 3.1.1-3.1.5 for identification.

3.1.1 Identification of Gy, (- | ) and GL(- | By <)

Without loss of generality assume that a bidder ¢ won the first auction with by = b1;. From
Lemma 1 I know that the second auction bids (Bayj,j = 1...,I) are independent with distribu-
tions Gg"l (-] b1) for 7 and GIQ (+| By <by) for j # i, conditional on the event {B{r}i’g < By; =
b1} = {W1 =i, B = b1 }. Given the conditional independence of the second auction bids, I

use Lemma 4 with H; (- | b1) = Pr[By™>* < Wo =j | Wy =4, B =by] for j=1,... 1.

8Throughout Sections 3 and 4, ‘I’ is equivalent to ‘the analyst.’

10



For j # i I can rewrite H; (- | b1) as (11).

1
HJ(|b1) IiPr[BénaX< WQ#Z‘Wl—Z Bmax:bl] (11)
1
= PrBY < | Wa #0,Wh = i, BY™ = bi] x Pr([Wa #1 | Wi =i, BJ*™ = by]
1
:Iipr[BmaX< |W27QW1,W1—Z Bmax_bl]XPT[WQ;ﬁW1|W1_,L Bmax_bl]
1
:ﬁPr[Bénaxg | Wy # Wy, BI"™ = b1] x Pr[Wy # W1 | BI™™ = by]
1 max max 1
:ﬁPT[BQa < Wa# Wi | Bi™ :bl]EiMé('Un).
When j =i I have,
Hi (- by) = Pr[BP < . Wy =i | Wy = i, BP™ = b] (12)

Pr[B;
= Pr[BY®™ <. | Wy =i, Wy =i, B® = b] x Pr[Wy =i | Wy =i, B = b]
— Pr[By™ <. | Wy = Wi, W) =i, B = b)] x Pr[Wa = Wy | Wy = i, B"™ = by]
= Pr[BY®™ < - | Wy = Wy, BI"™ = by] x Pr[Wy = W, | B =]

= Pr[By™ <\ Wo =Wy | B =bi] = M3 (- | by).

M (-] b)) and MY (- | b1) in (11)-(12) are the distributions of the winning bid in the second

auction when it is won by a first auction loser and first auction winner, conditional on the

first auction winning bid being b1”. Given (11)-(12) I use Lemma 4 to identify G2|1( | b1) and
GL(- | By < b): Fy(-) and Fj(-) in Lemma 4 are G%“'l(- | b1) and G4(- | By < by).

by
4, (- 1) = oxp {— / (Pr[By™ < b| BP™ = by]) " dMp (b bl)} , (13)

) _
Gé(~|31§bl)=exp{_1_1 (Pr[BénaXSb\B?‘a":bﬂ)1dM£(b|bl)}, (14)

since H; (- b1) + 35 Hj ([ b1) = Mg (- | b1) + My (- | br) = Pr[BY* < .| BI** =by]. By
|.

varying by I identify Gg’u( yand GL(- | By < ).

3.1.2 Identification of HY(-;-), H.(-;-), and G1(-)

From (1) and (5) in 2.2, I have

HY (5b1) =GY(-| By < b)) 1,

1 b
HL (b :/ GL( 1By <) "2GY (- | 2)dGy (z) !
2 (5b1) o 2 (| BL <) 51 (- | 2)dGy(z)

I have identified GL(-|By < -) and Gy

first auction winning bids(B"®*), which follows a distribution of G'1(-)?. It implies the following

(+]-) in 3.1.1. T can also identify G1(-) by observing the

9Strictly speaking, M} (- | b1) and M (- | b1) are not distributions as they do not integrate to one.
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equation.
Gr() = Pr[Bres < /1,
By varying b; I identify H3'(+;-) and Hé(’ ).

3.1.3 Identification of D(- | -), G12|1(' | -), and F2|1(- | )

I introduce new notations that are comparable to the notations in 2.1.

d(B1, Va): Consider a scenario where By = by is given. S(Bl = by, Vo = z) represents the
value of the second object when the first auction winner(w) possesses By = b;
worth of the first object.

D(:|by): Pr[d(b1, V) < -|B; = by]; the distribution of the value of the second object for

the first auction winner(w) given that he won the first auction with By = b;.

F2|1(-|b1): Pr[Va < -|B; = by]; the distribution of the value of the second object for the
first auction loser(l) given that he lost the first auction with By = b;.

5(B1, Vo) is equivalent to 6(Vi, Vo), i.e., §(V1, Va) = 8(s1(V1), Va) as shown in Appendix A.7. By
the equivalence the first-order condition, (2), for an arbitrary bidder i is,

. HY (BY: Byy)
8 (Bus, Vay) = BY; 4 2202
( 12 21) 2 T hg} (BgéyBlz) )

(15)
where By, = s¥ (Vi;, Vi) and By; = s1(V1;). Note that the observations only include the
winner’s bid and identity, (B"**,W,), for t = 1,2. By the limitation, I observe (By;, BY}) in
(15) only if ¢ wins both the first and second auctions. It implies that unless I condition on
W1 = Wy =i I cannot always recover 0 (By;, Va;) for every bidder i from (15).

To address the problem, I instead construct D(-|b;) and FQH (-|b1) in 3.1.3 and identify 6 (b, -)
in 3.1.4. To construct D(d|b;) I use Goh (-] b1).

HY(BY; B)
hy (By'; B1)
=¢y(B1,B3) by (2)

= Epy|p, []1 (féu(Bl,Béu) < d) | B1 = bl}

D(d|by) = Pr [S(Bl,vg) <d|B = bl} = Pr |BY + <d|Bi=b (16)

—/bn(gwl,b) < d)dGy, (o),

b

where d € [€¥ (b1, b2), Y (b1,b2)]. Since I have identified Goh (-]061), HY (-;b1), and its density
hY (;b1) in 3.1.1-3.1.2 T conclude that D (- | b;) is also identified. By varying b; I identify
D).

Before constructing F); (+[b1) I show that the observations I have prevent us from construct-

ing FQH(-|b1) directly from the first-order condition, (6). For an arbitrary bidder 7 I have the

12



following.

Hé (Béi; Bli)

Vai = B+ 77
' " hh (BY; Bu)

(17)
where Béi = sl2 (Vhi, V) and By; = s1 (V4;). Since winning bids are only shown, I see Béi only if
i loses the first auction and wins the second auction so that Bia* = B... But if i loses the first
auction I do not observe his bid By; as B*®* # By;. It implies that I cannot directly recover
Va; for every bidder i from (17).

1

To overcome the difficulty, I instead use Gy, (-] b1) to construct F2|1(~]bl). I can iden-

tify Gé“(' | b1) by using the relationship G4 (- | By < b1) = [1/G1 (b1)] é: Glm(‘ | u)dG1(u).

Differentiating both sides of the equation with respect to by yields (18),

G (b1) 0Gh (- | Bi < by)
g1 (bl) 8[)1 ’

Gy (| b1) = G (- | Bi < b)) + (18)
The right-hand side of (18) has G% (- | By < by),G1 (b1), and their derivatives which have been

identified in 3.1.1-3.1.2. Using G, (- | b1) T have (19) for Fyy (- | b).

HY(BY; By)

F b)) =Pr|Va < vy | By =b]=Pr | B
o (v2 | 1) = Pr{Va < vz | By =bi] = Pr 2+hé(Bé;Bl)

<uvy | B =b (19)

=¢b(B1,B4) by (6)

Epyip, [1((B1, BY) < va) | By = b1

bo

1 (&(B1.b) < va) dGlyy (b] by).
b

where vy € [€4(b1,b2), & (b1, bs)]. Since I have identified Gl2|1(-\b1) in (18) and H! (-;b1) along
with its density h (-;b1) in 3.1.2, T conclude that FQH (-] b1) is identified. By varying b; I

3.1.4 Identification of 5(, )

I adopt the approach proposed in Kong (2021). The approach fixes a first auction bid at by
and compares the second object’s value distribution between the first auction winner and the
loser, D (- | by) and F2|1 (- | by). Comparing the quantiles between the two identifies 6(by, -) given
Assumption 4 holds.

Assumption 4 assumes §(V,-) is increasing in V; for every Vi. Since 6(Vi,-) = (s1(V1),-)
holds 6(Bj, ) is also increasing in Vi for every By = s1(Vi). By the monotonicity of §(Bi, )
the a-quantile of the random variable & (b1, V5)'0 equals & (b, va(c|by)), where vo(a|by) is the
a-quantile of 13'2‘1(-|b1) = Pr[lVo < :|By = b1]. I am using the property that the quantile is

invariant to monotone transformation.

195 (b1, V) is a function of a random variable Va. The function here is §(b1,-) where by is a specified value.

13



Given the property, I have the following equality for any « € [0, 1],
D (5 (b1, valalbn) | br) = = By (va(albr) | ba).

Since D(d|by) is increasing in d'' I can define the inverse distribution function D~(:|b;) such
that the following relation holds,

5(51,@2(0&’()1)) = D_l F2|1(U2(04|b1)|bl)1 ’ b1 . (20)

=

I have identified D(:|b;) and F2|1(-]b1) in 3.1.3, so by varying « I identify 6(by,-); figure 1
graphically depicts (20).

1.2

1.0 4
0.8 1
0.6
0.4

0.24 °

0.0 A

3¢
-
-

m
0.00 1.55 4.29

Figure 1: The solid line represents D(d | by) from (16), with d varying between [€¥ (b1, bs),
£¥(by,b2)] = [0, 4.29]. The dotted line represents qu(vg | b1) from (19), with vy varying
between [fé(bl,bl), fé(bl,g)] = [0, 1.55].

Set a = 0.4, and let m and r represent the quantiles of the random variables Vs and 4 (b1, Va).
Given m and r, if the pseudo synergy function &(By, -) is increasing in V5 (Assumption 4), I have
5(b1,v2(0.4]b1)) = 6(b1,m) = r. If I change o to 0.8, T have d(by, v2(0.8]b1)) = 8(by, m’) = 7;
another way to express the result is by using (20).

& (by,v2 (0.4]b1)) = 6(by,m) =r = D71(0.4 | by),
S(bl,vz (0.8|b1)) = S(bl,m') = ’l“, = D_1(0.8 ‘ bl)

It implies that by varying a between [0, 1] I identify a bijective function, 8(by, V3) : [0.00, 1.55] —
[0.00,4.29]. Given (b, -), I identify &(-,-) by varying b;.

' Consider the last equality in (16). Based on Lemma 2 and Theorem 3 the function z + (Hy' (x; b1)/h3 (z; b1))
is increasing in x. It implies that as d increases the corresponding D(d|b1) also increases.

14



3.1.5 Identification of Fi(-), Fy;(- | ) and 4(:,")

In 3.1.1-3.1.3 T have identified the distributions Gy (-), HY(-;-), HL(-;-), g”ll( | ), G (- | By <),
Gl2|1(- | -) as well as the densities g1(-), A% (:;-), h5(+;-). The distributions and the densities form
the quasi-inverse bidding strategy &1(b1) in (10) so &1(by1) is identified. By varying b; I also
identify &;(-). (21) shows that identifying &;(-) implies identifying Fj(-) since G1(-) has been
identified in 3.1.2 and V; = & (B;) holds from (10).

Fi() = Pr[Vi < ] = Prl&y(By) < | = E[L(& (By) < )] (21)
b1
- /b 161 (br) < )AG1 (by).

Identification of Fy;(- | ) uses Theorem 3. & () = 57 '(-) holds which means that the first
auction bidding strategy si(-) is identified. Given the increasing nature of sq(-) I establish the

following equivalence.

Fyu(- | v1) = Pr[Va < Vi = 1] = Pr[Va < -Js1(V2) = s1(vn)] (22)
=Pr[Va < By =b] = F2\1(' | b1),

alternatively (22) is the same as ﬁ’2|1(- | b1) = Pr[Vo < |By = b1] = Pr[Vo < :[&(B1) = &1(b1)] =
Pr[Vo < | V1 = v1] = Fyi(- | v1). The equivalence demonstrates that identifying F2|1(- | b1) is
equivalent to identifying Fy;(- | v1). Since I have identified Fy (- | b1) for every by € [b1,b;] in
3.1.3 T conclude that I also identify Fy;(- | v1) for every v € [V4, Vi) = [&1(b1), & (b))

Identification of (-, ) uses the equality 6(by,-) = §(s1(v1),-) = §(v1,-). From the equality I
conclude that identifying 6(by, -) is equivalent to identifying d(vy, -). Since 6(by,-) was identified
for every by € [by,b1] in 3.1.4 and s1(-) = & (-) was identified, I conclude that T also identify
d(v1,-) for every vy € [V, Vi] = [€1(b1), &1(b1)]-

3.2 Case 2

I directly identify the second auction bid distributions of the first auction winner and the loser,

;”ll(- | -) and Gl2|1(‘ | -). T also identify G4(- | By < -) and G1(-) from the observations. Using
(1) and (5) the distributions HY (-;-) and HY (-;-) are identified. It implies that the identification
tasks outlined in 3.1.1-3.1.2 are easily addressed. The remaining steps, 3.1.3-3.1.5, follow the

same procedure as in Case 1.

4 Estimation

Assume that I am in Case 1(3.1) so that the observations I see are (B}, Wiy, BY™, Way, Zy,
Zy) where ¢ = 1,..., L. Let the observed characteristic, Zy, be continuous and without loss of
generality be of dimension p = 1. I fix (Z = 2z,Z = I) and use the kernel density estimator to
estimate the model primitives, [F1(-|z, ), Fa1 (-], 2, 1), 0(V1, Va; 2)].
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Given /-th auction pair I can calculate \p(b1) and Ko(bg) for any by and bs.

(b — By z—Zy by — B 2= 27
/\g(bl)_K( h1 )K( m )/ ZK( n K T

Lely

b2 =By b
T h 2 ] — Bmazx
Ko(b2) E/ Y K(u)du :/ th<l’2€>dx’

9

where L7 = {¢ : Z, = I} is the index set corresponding to auction pairs with I bidders. I
use A\g(b1) and Kop(by) in (23)-(26); the equations use Assumption 2 that the auction pairs are
independent across {1,...,L}.

MQw (bg | bl,Z,I) = 151" [Bgnax S bQ,WQ = W1 | Binax = bl,Z,I] (23)

b -
2 1 _ pmax
= > )\z(b1)/ —K <$}i2é> dz,

h
{ZEﬁ[:Wle:Wu} —oo %2

Kog(b2)

o 1 [ by— Bpoex
gy (b2|by, 2, I) = > Ae(by) K [ =2, (24)
ha ha

{€eLr:Wi,=Wae}
M} (by | by, 2z, I) = Pr By < by, Wy # Wy | B = by, 2, ] (25)

ba 1 _ Bmaz
= Z )\Z(bl)/ th IT% dz,

{0eLW1e#Way} >

Kap(b2)
) 1 (b, — By
b (ba|by, 2, 1) = > Ae(br)3-K <2h2£> (26)
2 2
{LeLr:Wie#War}
(23) and (25) constitute (27), the conditional distribution of the second auction’s winning bid

given the winning bid of the first auction.

G ppax|ppax (b2 | b1, 2, 1) = Pr[BY™ < by | BP"™ = by, 2, ] (27)
= Méu (b2 ’ blazvl) + Mé (b2 | bl,Z,I) = Z )\f(bl)?Qﬁ(lb)‘
LeLy

(23)-(27) are used in 4.1-4.5. The estimands in each subsection correspond to those discussed
in 3.1.1-3.1.5.
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4.1 Estimation of Gg (- |-, 2, 1), GLY(-| By £+,2,1) and their densities

I construct G2|1 (by | b1, 2, 1) and GY (by | By < by, z,1) based on (13) and (14).

s a(
~ )\Z(bl) bo 2
Gyjy (ba | b1, 2,1) = exp — _/ db
| {EG,CI:VI;I;—W%} h2 bz ZZGE} )\Z(bl)KQZ(b)
b— ByL®
él (b |B <b I) H o A((bl) by ha i
2 (02 1>01,2,1) = XPp
(0EL Wy #War} S he(I-1) ), Yier, Ni(b1)K (D)

To construct gy}, (ba | b1, 2, 1) and g (by | By < by, z,I) I differentiate (13) and (14) with respect
to the second auction bid and replace variables with estimators.
331 (b | 01,2, 1) = — g (b2 | b1, 2, 1) Gy (b | b1, 2, 1),
G pax| pmax (b2 | b1, 2, 1)
1 b (by | by, 2, 1)
I =1 G gpax g (ba | b, 2, 1)

34 (by | By <by,z,1) = GY(by | By < by, z1).

The estimators on the right-hand sides are already known.

4.2 Estimation of HY(-;-,2,1), Hi(+;-,2,1), and G,(- | z,I) and their densities

Given /-th auction pair I can calculate K14(b1) for any by, and wy.
. —e 1 _ Bmax
Ki(h) = / E K(u)du = / h—lK (W) dz,

o=k (2 Zg)@;[ (57

K14(b1) and wy are used in G1(b1 | z,1) and §y(by | 2, 1),

1/1
Gi(by | 2, 1) =Pr[BP™ <by | 2,11V = [ Y wiKe(by) ,
LeLy
(1-Dn/1
Bﬁaa;
g1(br | 2, 1) Z wekK 10 (b1) > w* <h1>
leLy LeLy
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The estimators of HY (by; b1, 2,1) and Hi(be; by, 2, 1) use (1) and (5) in 2.2,

HY (basbr, 2,1) = Gy (ba | By < by, 2, 1)
1
1-— él (bl ’ Zaj)l_l

by ~
Gh(by | By < ,2, 1) 72 GY (ba | @, 2, 1)dGh (x| 2, 1))

I:Ié (b2;b1’27I) =

b1
From 4.1-4.2 T know the right-hand sides except dGy(z | z, )/~ = di 1(x | 2, 1)!~1 dx, which
is,
I

Z wekK 14(x) Z we KK (w—}i{”f”‘") dx.

LeL] el

%él(x | 2, ) "L dx =

To construct iﬁz”(bg; b1,z,1I) and ﬁé(bg; b1, z,I) I differentiate (1) and (5) with respect to the

second auction bid and replace variables with estimators.

iléu(bQ;b17zvl):(I ) (b2|Bl<b1,ZI) (b2|Bl<blaZ‘[)
1

Rt bo;by,z,1) = A
2 (baibr, 2, 1) 1—Gi(by | 2, 1)

b1A
/ U(bog; w,2,1)Gh (by | By < @,2, 1) 2|1(b2\$21)dG1(x|zI)
by

where \i/(bg; x, z,I) inside the integral is,
é(b2\31<x21) ggh(b?“vzj)
é(bg\Blgz,z,I) 2|1(b2|x21)

_I-2 mb (bg | 2, 2,T) my (ba | x, 2,1)
I - 1 GBénaxlBiﬂax (b2 | [,U’Z’I) GBgnax‘Binax (b? ‘ I‘,Z7I)

U(by;w,2,1) = (I —2)=

The estimators that form ﬁ%”(bg; b1, z,1) and ﬁé(bg; b1, z,I) are known from 4.1-4.2.

4.3 Estimation of D(- |-, z,1), Gl2|1(- |2, 1), and Fy(- | -, 2,1)

I have a plug-in estimator of D (d | by, z, I) using (16).

2 b2 HY (2361, 2,1 .
D(d|b1,z,I):/ 1 l‘—l-MSd dGy)y (x| b1, 2,1), (28)
by hy (x;b1,2,1)
where z + HY (x;by, 2, 1) /hY (25 b1, 2, 1) is,
H b I G max | pmax (L b 72,_[
{(bl,le)_x—l—M—x BQA;Bl @b ) (29)
hy (x;b1,2,1) mé (x| bi, 2, 1)
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(26) and (27) constitute £ (b, x;2,I), which is the empirical analogue of £¥(by,z; 2, I) from
(2). Since &Y' (b1, x; z,I) is increasing in x by Theorem 3, I can conclude that for a given d in
D(d | by, z,I) there exists a unique second auction bid bY¥*(d) that satisfies &% (b1, b¥*(d); 2, I) =
d,i.e.,

£5'(b1, 57 (d); 2, 1) = by (d) +

HY (by*(d); b2, 1) _
hy (g (d)ibrz D)

where d € [fg’(bl,bi;z I), fé”(bl,g;z,l)}. It implies that given any d in the specified range

I have D(d | by, z,1) = Gg’u(bé”*(d) | b1,2,I). The approach, however, does not hold for

D (d | by, z,I) because the empirical counterpart, éﬁ”(bl, x; z, 1), may not be increasing, leading
to a non-unique b%*(d). To ensure uniqueness I define b%*(d) as the minimizer of the following

function.

. 2
. R 2 HY (x;b I
by* (d) = argmin,, <§§”(b1,x; z, 1) — d> = argmin,, (w + m - d) .
2 y ULy <,

Since b¥*(d) is unique given some d, I transform (28) into (30); G 2|1 - | b1, 2, 1) inside (30) is

known from 4.1.
D(d| by, 2, 1) =Gy, (b5*(d) | by, 2, T). (30)

I have a plug-in estimator of F2|1(vg | b1, 2, 1) using (19).

2 b2 HL (2301, 2,1 A
FQH (UQ | bl,Z,I) —/ T(x+ % < v2 dGZQ‘l (iL‘ ‘ bl,Z,I), (31)
ba h’2 (x;bl,Z,I)

where x + ﬁé(m, b1, z, I)/ﬁé(:ﬁ, b1, 2, 1) is,

Hy(x;01,2,1)
iLlQ(xa blv Z, I)

by G (x| By < b,z Gy,

éé(bl,x;z,l) =z+

(x| b,2,1)dGy(b | z, 1)1}
= —|—

bl U(w;b, 2, D)Gy (x| By < b,2,1) 72 G (x| b,2,1)dGr(b | 2, 1)1~
The estimators in 4.1-4.2 make up fé(bl, x; 2, 1), which is the empirical analogue of & (by, z; 2, )

from (6). €4(by,x;2,1) is increasing in 2 by Theorem 3 but & (by,; z,I) may not. I use the

same approach used in [)(d | b1, 2, 1), leading to,

. 2
R . 2 H. (x;by, 2,1
b5 (v) = argmin,, (fg(bl,fv;z,l) - UQ) = argmin,, x—i—M — v |,
th (ﬂf;bl,Z,I)

where v9 € [éé(bl,bl;z,l), fé(bl,g;z,l)}. Since 3’2*(1)2) is unique given some w9, I transform
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(31) into (33).
Fyp(va | by, 2, 1) = Gy (85 (v2) | b, 2, 1). (33)

It needs G2|1(b2 | b1, 2,1I), which I haven’t constructed yet. A plug-in estimator of G2|1(b2 |

bi,z,I) uses (18).
L(bo | By < by,2,1)

Gl (bl | Z,I) 8G
0by

Al Al
ba | b I)= by | B1 <b I
Gyj1 (b2 | b1, 2,1) = Gy (be | By < by, 2, )+gl(b1|z,1)

From 4.1-4.2 T know the right-hand side except dGY(by | By < by, z,I)/8by, which is

561'12 (b2 | B1 < b1,2,1) _

ANe(b1) K% (b))

oby
A I B2 °
Gl (by | By < by, 2, 1) /b2 2o teLrwietwaey M (01K ( ‘ ) (Zeem Iy 0
ho(I —1) bo (Xver, )‘f(bl)K%(b))
. - PN (bl) b— Bm,ar
_ Gl2 (bg ‘ B, < bl,Z,I) /b2 E{ZeﬁzzWuz?fWQe} (‘3[b1 K( h2 >db
hao(I — 1) bo Z@GE} )\é(bl)K%(b) 7

where O\y(b1)/0b; is as follows; k(-) is the derivative of K(-)
by— B bi— B[ =2,
(’ﬂ( ) Zeee b (M) K (5)

OAe(b1) — Ae(b1)

0b, hy

h1
AT AN A
K i

b, — Bmazx
K ( : hlu ) ZEELI K ( h1

I already know the estimators that constitute the right-hand side of 0G5, (b2 | By < by, z,1) /0by

4.4 Estimation of 6(-,; 2)

The identification strategy used in 3.1.4 applies here; I have a plug-in estimator of (20)
(34)

g(blav2(a|blaz I),Z,I) = 5_1 (ﬁ2\1(@2(a|b17Za-[)’blaza-[) ‘blaz’I)

where I use }?’2‘1( | b1,2,1) and f)( | b1,2,1) from 4.3, and v2(alby, 2z, I) represents the a-
quantile of F2‘1(~ | by, 2,I). By varying o € [0,1] in (34) T obtain 0 (b1,-;2,I). Let L; be the
number of auction pairs with I bidders, and then I define a new estimator (35) from (34).

. N N .
3(br,52) = O L)Y Lid(by, 52, 1), (35)
=2 I=2

where I assumed that the maximum number of bidders possible is N. (35) weights 0 (b1, ; 2, I)
by Ly, which implies that I need to have prior knowledge of 5 (b1, 2,1) forevery I € {2,...,N}.
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4.5 Estimation of F\(- | z,1), Fou(- | -,2,I) and 4(-,; 2)

A plug-in estimator of Fi(- | z,I) or (21) is,

A~ bl A~ ~
Fi(vr | 2,1) = / 1 (51(131;2,[) < vl) dG (b | 2, 1),

b1

where v € [£ (by; z,1),E1(b1; 2, 1)]. Tknow dGy (b1 | 2, 1) = G1(by | 2, I)dby from 4.2, but haven’t
constructed & (b1; z, 1) yet. A plug-in estimator of &1 (by; 2, I) or (10) is as follows; to maintain

brevity I will omit writing (Z = z,Z = I) as much as possible in 4.5.

¢ 1 Gi(b)
b1) =b -
& () =by 10 (b))
be [ fw . A ) )
_/ MG% (by | By < bl)I—z Gl2|1 (bs | 1) dG12U|1(b2!bl)
by | hy (ba;br)
b2 | ] (52'b1) I—2 .
+ A2 ’ b B1 <b G bo | D dGl bolbr).
/bz [hé (b2; b1) (b2 | 51 < ) o1 (b2 [ 01) | dGayy (bolby)

I know all the estimators on the right-hand side from 4.1-4.4 except dGQ‘l(bg | b1) = géu(bg |
b1)dby. Since Glz‘l(bg | b1) is given in 4.3, I differentiate the estimator with respect to by to

obtain 92‘1(1)2 | b1).

. d 4
gé|1(b2 | b1) = TI)ZG12|1(62 | b1)
Gy (by) 9gh (b2 | By < by)
g1 (bl) 0by
_ 1 tith (b | 1)
I-1 GBénax\Binax (bQ ‘ bl)
1 Gi(b b (by | b R
Gl(l)i _ 1y (b2 | b1) CL (b | By < b)
- ]- gl (bl) 8bl GBénax|Bi“ax (bQ | bl)
1L Gi(b)  bh(ba|b)  OGh(ba | By < by)
-1 gl (bl) GBgﬂax‘Binax (b2 ‘ bl) 3()1 ’

=35 (ba | By <by) +

Gh (b | By < by)

: ~l d 1y (ba|b1)
All the estimators that form 92|1(b2 | b1) are known from 4.1-4.4 except TIH(CJB?aXTB?aX(bﬂbl))'

Since T know b (b | b) and GA'BEHaX|BinaX (b2 | b1) from (26) and (27) I have the following.

b2_Bmaa:
> ' Me(br) 1 g [ =By
i mé (ba | b1) _ {0eLy: W1 #Wae} ~ 0b1  ho >
by GBénaX|B{nax (b2 | b1) ZEEE, Ae(b1) K 0(bs)

O (b
)Zeec, 5511)[(2@(62)

Z{ZGCFWM#W%} )\Z(bl)hizK (

(Zeeﬁ, A@(bl)fze(lh)f
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where I know d(by)/db; from 4.3. Tt implies that I have constructed Fj(v; | z,1), as all the
estimators comprising fl(bl; z,I) are known and Gy (b1 | 2, 1) is known from 4.2.

To construct the estimator of Fy;(- | v1,2,1), I use the following equality modified from
(22) in 3.1.5.

By (- [ by, 2, 1) = Pr[Va < - | By = by, 2, 1| = Pr[Va < - | &(Bu; 2, 1) = &1(bis 2, 1), 2, 1]
:]'ﬁr[VQ '|‘/1:U1,Z,I]EF2|1('| U1 ,Z,I).
=£1(b1)

A

It implies that ﬁ’2|1(- | b1,2,1), which I know from 4.3, is equivalent to FQH(- | v1,2,1I) given
the increasing property of &€1(-;z,I). Since & (b1;2,1) is a consistent estimator of & (b1; z, 1),
it follows that ﬁ’2|l(- | &1(b1;2,1),2,1) = FQH(- | 01,2,1) is a consistent estimator of F2|1(- |
v1, 2, ), which is also a consistent estimator of Fy (- | v1,2,1). I can conclude that ﬁ2‘1<' |
§1(b1;2,1),2,1) is a consistent estimator of Fy(- | v1,2,1).

To construct the estimator of §(vy,-; z) I use g(bl, 3 2,1) from (34). I combine g(bl, 2, 1)
with the equivalence established in Appendix A.7,

g(bb';zaj) :g(sl (’Ul;Z,I),';Z,I) :g(gl_l (,Ul;zal)a';/%]-) :5( U1 a';Z7I)'
—~—
=€1(b1)
The second equality holds by the relationship &;(by;2,I) = 57 (b1;2,1) & & (vi;2,1) =

si1(vi;z,1I), as established in Theorem 3. Since fl(bl,z I) = 07 is a consistent estimator
of & (by;2,I) = vy, it follows that 6(51 (b1;2,1),; 2, I) = 3(@1, 52z,I) is a consistent es-

timator of 3(2}1, -5z,I), which is also a consistent estimator of d(vy,-;2,1). I can conclude
that 5(51 (b1;2,1), -;z,I), which I have constructed in 4.4-4.5, is a consistent estimator of

d(v1,+;2,I). Using the idea from (35) and g(él (b1;2,1), -;z,I), I define a new estimator of

d(v1,-; z) as follows,
~ N 2 ~
d(vi,52) = (ZLf)_IZL[cS (fl (by;2,1), -;z,I) .
1=2

The new estimator 5(1}1, -;z) is computed as a weighted average of ) (él (bi;2,1), -;z,I). It

implies that to construct 5(7}1, -;2), I need to have prior knowledge of both g(bl, 5 2z,1) and
&1 (by; 2, 1) for every I € {2,...,N}.
5 Monte Carlo Simulation

I evaluate the performance of our multi-step estimator by testing it on bid distributions that
satisfy the assumptions in Theorem 3: they must be absolutely continuous, and [(2), (6), (10)]

must be increasing and differentiable with respect to [bY for any by, b, for any by, b;] — the
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following triplet satisfies the assumptions.

Gy (by | by) = b3, (36)
Gy (ba | br) = b, (37)
G1(by) = by, (38)

where the supports are by € [0,1] = [by,b1] and by € [0,1] = [bg,bo]. Within the support
Gg’ll(- | b1) first-order dominates Glz‘l(- | b1) for any given by, indicating that in the second
auction the winner of the first auction likely bids higher than the loser of the first auction.

I assume a setting with three bidders(I = 3) and no auction-specific covariates, Z. Given
the triplet each bidder draws their first auction bid from Gi(-) and if a bidder i wins(resp.,
loses) he draws his second auction bid from G”Q“ll(- | b1i)(resp., Gl2|1(- | b1)). It generates a
single auction pair, indexed by ¢, which consists of (BJ}**, Wi, By™, Way, I, = 3). Repeat the
process 500 times resulting in a total of L = 500 auction pairs, i.e., £ € {1,...,500}. I observe
that the winner of the first auction also wins the second auction in approximately 70% — 75%
of the cases.

I define the sample as {(B}™, Wig, By, Wap, Zy = 3) : £ = 1,...,500}, and I create a total
of 200 samples. Each sample yields a vector of estimates, (@12‘11( 1), ..., 0(, )), as described
in 4.1-4.5, so our 200 samples produce a total of 200 vectors of estimates. In its production, I
chose the Gaussian function and Silverman’s rule of thumb for kernel and bandwidths selection;

to enhance computational speed in Python, I employ Numba and Multiprocessing.

1.2 — —

104 ST
0.8
0.6 A

0.4 1

0.2 1

0.0 A ....... :

=
R ISR
%
-
N
©

0.00
Figure 2: The solid line represents the true D(d | 0.3) from (16), with d varying between
[€57(0.3,b2 = 0), £5(0.3,b2 = 1)] = [0, 4.29]. The dash-dotted line represents the true Fy;(v2 |

0.3) from (19), with vy varying between [¢5(0.3, by = 0), €4(0.3,b2 = 1)] = [0, 1.55]. The dashed
line and the dotted lines correspond to the (pointwise) 50% percentile and 80% confidence

interval of 200 estimates, D(- | 0.3) and }3‘2|1(- | 0.3).

Set the first auction bid at b; = 0.3, and Figure 2 compares the estimates f)(d | 0.3) and
F2|1(v2 | 0.3), indicating that I am at stage 4.3 in 4.1-4.5. Both estimators are evaluated at
40 equally spaced points on [£¥(0.3,bs), £¥(0.3,b2)] = [0,4.29] and [£5(0.3,b2), €5(0.3,b2)] =

[0,1.55]. With a sample size of two hundred each grid point contains two hundred estimates,
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allowing us to construct pointwise 50% percentile(dashed) and 80% confidence interval(dotted).
The dashed lines closely track the true lines(solid, dash-dotted) derived from (36)-(38).

1.2

1.0 A

0.8 A

0.6 -

0.4 1

0.2 A

0.0 A

J
9

0.00 1.50 2.97

Figure 3: The solid line represents the true D(d | 0.5) from (16), with d varying between
[€9(0.5,bg = 0), £¥(0.5,by = 1)] = [0, 2.97]. The dash-dotted line represents the true FQH(UQ |
0.5) from (19), with ve varying between [¢€5(0.5, by = 0), £,(0.5,b9 = 1)] = [0, 1.50]. The dashed
line and the dotted lines correspond to the (pointwise) 50% percentile and 80% confidence

interval of 200 estimates, D(- | 0.5) and F2|1(- | 0.5).

Figure 3 provides a comparison to Figure 2, with the only difference being an increase in
the first auction bid from 0.3 to 0.5. The increase in b leads to a reduction in the domains of
vg and d. It implies that if the three auction bids were [by; = 0.5,b1; = 0.3, b1 = 0.3] in a given
£-th auction pair, the maximum possible value of the second object for bidder i is 2.97 while
for bidders {7, k} it is 1.55. Figures 4 and 5 depict the estimated strategies for ¢ and {j, k}.

It is unclear why a bidder who placed a higher bid in the first auction(0.3 — 0.5) perceives the
second object v as less valuable(1.55 — 1.50). I suspect that the phenomenon occurs because
our model assumes that no bidders drop out within an auction pair, and the triplet (36)-(38)
satisfy the assumption (Assumption 1); never dropping out is demonstrated as a first auction
loser favoring the second object more(1.50 — 1.55) as their first auction bid decreases(0.5 —
0.3).
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et

.97

Figure 4: The X-axis represents d € [¢¥(0.5,by = 0), £¥(0.5,bo = 1)] = [0,2.97], where d =
5(0.5,Va) defined in 3.1.3. The Y-axis represents by € [by = 0,by = 1]. The plot illustrates
the second auction equilibrium strategy for a first auction winner with an initial bid of 0.5.
Let v; = &1(0.5), then the solid line represents the true s¥(vi, Vo) = s¥(v1,6(0.5,V2)) =
(€¥)71(5(0.5, Va); v1) defined in Theorem 3. The dashed and the dotted lines correspond to the
(pointwise) 50% percentile and 80% confidence interval of 200 estimates, §§ (v, V2).

(I) 1.55

Figure 5: The X-axis and Y-axis represent vo € [€5(0.3,b2 = 0), £,(0.3,b3 = 1)] = [0, 1.55] and
bl2 € by = 0,b2 = 1]. The plot illustrates the second auction equilibrium strategy for a first
auction loser with an initial bid of 0.3. Let v; = & 1(0.3), then the solid line represents the true
sh(vi, Va) = (€5)71(Va;v1) defined in Theorem 3. The dashed and the dotted lines correspond
to the (pointwise) 50% percentile and 80% confidence interval of 200 estimates, 8, (v1, V2).

Figures 4 and 5 depict equilibrium strategies defined in Theorem 3, comparable to Figure
1 in Guerre et al. (2000). Theorem 3 establishes that the quasi-inverse bidding strategies for i
and {j, k} correspond to £¥(0.5,b%) from (2) and £4(0.3,b5) from (6). Using the inverse bidding
strategies the figures are generated by evaluating both 55“(0.5, bY) and 55(0.3, bh) at 30 equally
spaced points on the Y-axis, [ba, b2] = [0, 1].

It is unclear why the confidence interval for 55“(0.5, b¥) in Figure 4 is larger than that for
55(0.3, bé) in Figure 5; I suspect that the phenomenon happens because of the triplet used in
our simulation, (36)-(38). I observed that the winner of the first auction also wins the second

auction in approximately 70% — 75% of the cases. Since I am in Case 1(3.1), it implies that
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the 70% — 75% and 25% — 30% of auction pairs correspond to {¢ € L;—3 : Wy, = Wy} and
{l € L1—3 : Wiy # Wy}, which together constitute the entire set {¢ € L;}. Among the three
sets the following equations show that 55”(0.5, by) never utilizes {¢ € Li—3 : Wiy = Way}, while

éé (0.3, bé) incorporates information from all three sets.
éBénaxlBinax (bQQU ’ 05)
mb (b5 10.5)
1A 3—2 Aw A _
f0.3 G (blz | B1 < 1’) 2|1(bl | 2)dG (2)*!
I & ~ 3—2
Jos W(bh; 2)Gh (b | By < )"~ Gy, (b | 2)dGh ()3~

E¥(0.5,b%) = bY +

€5(0.3,64) = bh +

where the equations come from (29) and (32), where I discarded the conditions (Z = 2,Z =1). I
suspect that the difference in the amount of information utilized by the two estimators accounts
for the disparity in confidence intervals.

Lastly, the estimate of a synergy function is depicted in Figure 6.

—— PseudoSyn(b1=0.50,v2)
—— 45 degree line

----- Smooth 90%

—-== Smooth 50%

----- Smooth 10%

2.97 1

1.50 1

Od

Figure 6: The X-axis and Y-axis represent vy € [€4(0.5
d varying between [£¥(0.5,b2 = 0),£¥(0.5,bo = 1)] =
5(by = 0.5, v3).

0), €4(0.5,by = 1)] = [0,1.50] and
]. The plot illustrates a function

72:
[0,2.97

I see that the setting of this Monte Carlo Simulation implies the case of positive synergy;
moreover, since 6(by, v2) = 0(€1(b1), v2) holds, the figure above shows the graph of a function &
where v is fixed at £;(0.5).

6 Conclusion

I examined two-period first-price sealed-bid auction, where the auctioneer only discloses the
winner’s identity between the two auctions. Given the setting, I constructed the bidders’ profit
functions using the unobserved value as the dependent variable and the observed bids as ex-
planatory variables. The approach, along with the distribution of V5 being influenced by w1,
separates synergy and affiliation in our model. Based on the separation, I demonstrated that
the analyst could identify synergy and affiliation separately even with limited observations, i.e.,

access to only maximum bids and winner’s identities. Multi-step estimator followed the identi-
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fication steps, enabling the analyst to estimate the degree of synergy and the level of affiliation
between Vo and V. I validated the performance of our estimator through Monte Carlo simula-
tions, showing its reliability; our modeling approach allowed us to avoid computational burdens,
leading us to test the estimator.

Throughout the paper I have assumed that the auctioneer only discloses the identity of
the winner to the bidders after the first auction or at step(ii). He may provide additional
information, such as the winning bid or all the bids, as discussed in Bergemann and Horner
(2018). The result of their paper is not applicable to our model for various reasons, such as
the difference in equilibrium strategies. I plan to examine the case where the auctioneer dis-
closes both the winning bid and the winner’s identity after the first auction. Papers exist which
examine the impact of more information disclosure on various aspects, such as pooling behav-
ior(Bergemann and Horner (2018)), allocative efficiency or the expected revenue(Dufwenberg
and Gneezy (2002), Kannan (2012), Azacis (2020)). I plan to contribute to the topic in our

future research.

References

ALTMANN, SAM M. (2024): “Identification and Estimation of a Dynamic Multi-Object Auction
Game,” Working Paper, Queen Mary University of London, Last accessed 10 March 2024. [1]

ARSENAULT-MORIN, ALEX P., HAYRI A. ARSLAN, AND MATTHEW L. GENTRY (2022): “On
the Timing of Auctions: The Effects of Complementarities on Bidding, Participation, and
Welfare,” Working Paper. [1]

Azacis, HELMUTS (2020): “Information Disclosure by a Seller in Sequential First-Price Auc-
tions,” International Journal of Game Theory, 49, 411-444. [27]

BERGEMANN, DIRK AND JOHANNES HORNER (2018): “Should First-Price Auctions be Trans-

parent?” American Economic Journal: Microeconomics, 10, 177-218. [1 and 27]

BRANCO, FERNANDO (1996): “Simultaneous Auctions with Synergies: An Example,” Economic
Letters, 54, 159-163. [1]

DONNA, JAVIER D. AND JOSE-ANTONIO EsSPIN-SANCHEZ (2018): “Complements and substi-

tutes in sequential auctions: the case of water auctions,” The RAND Journal of Economics,
49, 87-127. [1]

DUFWENBERG, MARTIN AND URI GNEEzY (2002): “Information Disclosure in Auctions: an
Experiment,” Journal of Economic Behavior € Organization, 48, 431-444. [27]

EPpP, SUSANNA S. (2010): Discrete Mathematics with Applications, Cengage Learning, chap. 7,
4 ed. [34]

FEDERAL COMMUNICATIONS COMMISSION (1994): “Implementation of Section 309(j) of the
Communications Act-Competitive Bidding,” Last accessed 7 March 2023. [1]

27



GENTRY, MATTHEW, TATIANA KOMAROVA, AND PASQUALE SCHIRALDI (2023): “Preferences

and Performance in Simultaneous First-Price Auctions: A Structural Analysis,” Review of
Economic Studies, 90, 852—-878. [1]

GUERRE, EMMANUEL, ISABELLE PERRIGNE, AND QUANG VUONG (2000): “Optimal Nonpara-
metric Estimation of First-Price Auctions,” Econometrica, 68, 525-574. [9 and 25]

HECKMAN, JAMES J. (1981): “Heterogeneity and State Dependence,” in Studies in Labor
Markets, ed. by Sherwin Rosen, University of Chicago Press, 91-140, 1 ed. [1]

JOFRE-BONET, MIREIRA AND MARTIN PESENDORFER (2003): “Estimation of a Dynamic Auc-
tion Game,” Econometrica, 71, 1443-1489. [1]

KANNAN, KARTHIK N. (2012): “Effects of Information Revelation Policies under Cost Uncer-
tainty,” Information Systems Research, 23, 75-92. [27]

KATZMAN, BRETT (1999): “A Two Stage Sequential Auction with Multi-Unit Demands,” Jour-
nal of Economic Theory, 86, 77-99. [1]

KoNG, Yunwmr (2021): “Sequential Auctions with Synergy and Affiliation across Auctions,”
Journal of Political Economy, 129, 148-181. [1, 2, 3, 6, 13, and 32]

Liu, QINGMIN (2021): “Equilibrium of a Sequence of Auctions when Bidders demand Multiple
Items,” Economic Letters, 112, 192-194. [1]

MILGROM, PAUL R. AND ROBERT J. WEBER (1982): “A Theory of Auctions and Competitive
Bidding,” Econometrica, 50, 1089-1122. [2]

Rao, B. L. S. PrAaKAsA (1992): Identifiability in Stochastic Models: Characterization of
Probability Distributions, Academic Press. [33]

Appendices

A  Proofs and Detail

A.1 Assumption 5

Detail: 1 relate steps(0)-(iii) to Assumption 5. Without loss of generality, let I, = 2 where the
set of bidders is {7, j}.

Step(i) implies that each i and j separately draws vi; and vq; from one of the model primi-
tives, F1(-). So, step(i) is related to Vi;, Vi; being independent and identically distributed from
Fi(-) in Assumption 5.

Given that vy; and vy; are fixed at step(i), step(iii) implies that each i and j separately

draws vg; and vg; from the model primitive, F); (-[v1;) and Fy)q(+|v1;). This implies the following
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equality.

Prlvy;, va;, vaj|v1]

Pr(Vii = vi4, Vai = v93|Vij = v1j, Vaj = o] = Pr{og; [01,]
51V15

_ Prlvy;, vai|vij] Privej|vy]

Prlvg;|vi;]

= Pr[Vi; = v1, Vai = vai].

The second equality holds by (Vi;, Va;) L Va;|Vi; the conditional independence holds because
the steps(i) and (iii) jointly imply Va; L Va;|Vi; and Vi; L Va;|Vi;. The last equality holds by
(Vii, Vai) L Vij. (39) is equivalent to the following equation.

J(vii,v25, v15,v25) = f(v14, v2) f (015, v25). (40)

As a result, the pairs (Vi;, Va;) and (Vy, Va;) are independent with the joint density shown in
the left-hand side of (40).

A.2 Remark 1

Detail: Assumption 5 implies that (s1(V15),5 = 1,..., 1) are independent and identically dis-
tributed from Pr[s;(V}) < :]. But, the second auction bids are not necessarily independent;
without loss of generality, let Iy = 2 where the set of bidders is {i,j}. Then, in equilibrium, any

second auction bid can be expressed as follows.

Bai = s (Vig, Vai) L(Wi = i) + sh(Vas, Vai) L(W1 # ) (41)
= 8% (Vis, Vo) L(Vi; > Vi) + sh(Vag, Vag) (1 — 1(Vi; > Vay)),
Boj = 85 (Vaj, Vo) (1 — 1(Va; > Vi) + sh(Vaj, Vo) 1(Vi; > VAj). (42)

W records the index of the winner in the first auction. The last equality of (41) holds because
Theorem 3 asserts that si(-) is an increasing strategy. Given (41) and (42), I want to show

Pr[Bag; = ba;|Baj = byj] = Pr[Ba; = by;], which is equivalent to proving the following.

Pr (FU.HCtiOIl Of (‘/1@, VQi, ‘/1]) ‘ Function Of (‘/1]', VQJ‘, VM)) (43)
= Pr (Function of (Vi;, Vai, V1)) .
Equality does not necessarily hold because Assumption 5 pertains to the independence of the
pairs (Vi;, Va;) and (Vij, Vo), rather than the pairs (Vi;, Vai, Vi) and (Vij, Vaj, Vi;). Conse-

quently, the second auction bids are not guaranteed to be independent; intuitively, the occur-

rence of the event 1(W; = i) introduces correlation among bidders {4, j}.

A.3 Lemmal

Proof of Lemma 1. Recall that a bidder 7 is the first auction winner without loss of generality.

First, I show that {V5;} and {Vi;, Va;},j # i are I, independent sets of random variables given
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{virex < Vi; = vy;}, which is equivalent to proving the following equation.

S (v, 021,25 020, 011, var, [V < Vi = vyy) (44)
= fva| V™25 < Vi = v1y) H J (i, vap VI < Vi = wyy).
ki

I will use the fact that {Vlmff < Vii = vy} and {Vi; = vy, Vig < w13,k # i} are equivalent.
Then, the left-hand side of (44) is equivalent to the following equation.

Pr (Vi = vii, Vai = v2:), Vig = vk, Var = vog, Vig < v, k # 1))
Pr(Vii = vis, Vig < vig, k #1] .

(45)

By Assumption 5, V; is independent across bidders, and a pair (V;, V) is also independent

across bidders. Also, vy; is an arbitrarily chosen value. Thus, (45) equals the following.

PrVi; = vii, Vai = v2i] [ 11 Pr[Vig = vik, Vor = vo, Vig < v1i
Pr[Vi; = v1i] [Tz Pr[Vie < vig]

= f(vailvrs) [ ] w1k, var|Vir < o)

(46)

ki
= f(v2i|Vii = vii, Vie < wiin b #4) Hf(U1k7U2k|V1i = vy, Vij <1, J # 1)
ki
= fo2a V™ < Vi = vna) [ [ £ (01 vae VI < Vi = o).

ki

The second equality of (46) holds by the following two equations (47) and (48) — they use
the independence property from Assumption 5. An arbitrary bidder k in (48) comes from

ke{l,... I}/ )

[ (w2 Vi = vig, Vig < o4, k # 0) (47)
_ Pr((Vii = vii, Vai = v2), Vik S v1i, k #4) (013, v9i) [ F1(010) = F(vailoni)
Pr[Vi; = vii, Vi < viis b # 1] S 1) [z Fr(vri) S

J(Vik, var| Vi = vis, Vij <wigyj #4) (48)

_ Pr[(Vig = vik, Var = var, Vie < v1i), Vie = 01, Vi < 01, j # {i, k)]
Pr(Vii = vis, Vij < 14, J # 1]
PrVig = vig, Var = vor, Vie < v1a) f(v16) [ Lizgi 0 F1(v14)
= el = f(vik, v Vie < v1i).
f(010) I 14 Fr(vni)
As (46) is the left-hand side of (44), I proved that the (44) is true.
Second, I transform (44) into the second auction bids. In equilibrium, the second auction
bids for j € {1,..., I;} will satisfy the following.

7_j - 17__]

= sy (Vij, Vaj) L(VI™™ < Vi5) + sh(Vay, Vo )L (V2 > V),

Byj = sy (Vij, Vo) L(BI"™S < Byj) + sh(Vaj, Va;) 1(BI™ > Byj) (49)
w
2 1,—j

y—J

where the last equality holds because s1(+) is an increasing function by Theorem 3. Then, the

second auction equilibrium bid for each j € {1,...,I;}/{i} and i, given {V/"% =V}; <wy;}, is
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as follows.

By = 55 (vig, Vi),

Baj = sh(Vij, Vaj).

Now, note the three following facts where (a) by Theorem 3, s¥(-,-),s4(-,-) are measurable
functions; (b) If X,Y;...,Y, are mutually independent, then so are g(X),h(Y1),...,h(Yy)
mutually independent, where ¢(-) and h(-) are measurable functions; and (c) vy; is a fixed
nonstochastic number. Given (a), (b), and (c), think of X and Yi,...,Y, in (b) as V; and
(Vij, Vaj),j # i, and also consider g(-) and h(-) as s¥(vi;,-) and sh(-,-). Then, (44) equals the

following.

Pr[Bo1 = ba1, ..., B2 = by, ..., Bag, = by, [VI™2F < Vi = vy (50)
= Pr[By; = by V™ < Vi; = vy,] [ [ Pr[Bay = boy [V < Vi = ).
J#i

Note that the conditioning event {Vlm_""f < Vi; = v1;} in the left-hand side of the equation is the
same as the event {Bﬁ‘i’; < By; = by} since s1(+) is increasing. Also, the right-hand side of the

equation is the same as follows.

Pr[Ba; = boi| V™27 < Vi = vy HPY[B2J‘ = by | VI < Vi = i)

J#
= Pr[BY; = bai| Vi = vui] | [ Pr[BS; = ba;[Vi; < v14]
J#
= PT[B;UZ = b2i|B1i = bh] HPT[BéJ = ij|Blj S bli],
JF#i

where the first equality holds by (47) and (48) and the fact that ¢ is the winner(By; = BY.)
and j # ¢ are losers(By; = Béj). The second equality holds by the increasing si(-). Thus, (50)

equals the following.

Pr[Bo1 = ba1, ..., B2 = by, ..., Bay, = bay, | B'Y; < Bi; = by (51)
= PI’[B%; = b2i|Bu = blz} HPI‘[Bé] = b2j|Blj § blz]
J#

As a result, I showed that (Ba;, Baj,j # i) are independent given {Bfi’;- < By; = bi;}, and the
distribution of By; given {Bini’; < By = by} is GTQ"‘l(-|b1i), whereas for j # i, the distribution
of ng given {Bﬁli); < Blz’ = bh} is GZQ(’Bl < bh) |

A.4 Comprehensive derivations of (4) and (8)

Since V* (v14, b14) is (3) I differentiate 7% (v14, v2;, b1;) with respect to by;.

o7y (v14, vai, bi;) omy’ (Ul%v?i’bli?&ﬁ;) HY (7?12%;511) OHY (1;12‘;;;b1i)
0by; a 0by; - hy (5721;;1)1,-) Dby, ;
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where the Envelope Theorem is used. From (1) I know the partial derivative of H3 (-;b1;) with

respect to by,

OHY (b1;) _ dGh (biy)"™" /dby

l 1-2 ~ w
- | B <bi . bl — H. ,bz .
by, G ()] Go (- Br < b1i)" " Gy (- | bui) = Hy' ( 1)]

Using 074 (v14,v2i, b1i) /Ob1; the partial derivative of (3) with respect to by; yields (4).

VY (vi4, bii) _ dG (byy)' ™t Jdby; "
8bli Gl (bli)l_l

HY (BY; bii)

hy (B3 bi;)

Ev, vy

(Gh(Bs; | By < b1i) ~2GYy, (B | b) — HY (B b | 1] .

Since V!(v1;, by;) is (7) T differentiate ﬁé(vgi, b1;) with respect to by;.

O7h (vai, bri) o (U% bi, Béz) H} (Elzi; bu) OH} (Béi; bli)
0by; B Oby; - hb (iJlQiSbli) by )

where the Envelope theorem is used. From (5) I know the partial derivative of HL(-;b1;) with

respect to by;,

OHY (bui) _ dGh (bry)'™" /dby
81711’ 1— Gl (bli)lil

Hy (5b15) — Gy (| By < bi) ™2 Gy (- bui) | -

Using 07h(va;, b1;)/0b1; the partial derivative of (7) with respect to by; yields (8).

V! (v1,b1;)  dGy (byy)" " Jdby
P -G

H%(Béﬁbli)

h(Bb;; b1;)

Va|Vi

[Hé(ééi;bu) — G5(BY; | B < bui) 2Gyjy (B | bu)} | vlz‘] :

A.5 Alternative derivation of HY(-;by;)

An alternative derivation of (1) relies on noting that the distribution of By'*} in the second

auction given {Bfi’; =, Vi; = vy, Vo; = vgi} for by < x < by is Gl2 (| B1 < 33)[72 Gl2|1(- | z)
following Kong (2021). Using the fact, the distribution of Byt given {Bﬁ‘i’; < by, Vi =

U4, Vai = Ui} is

. 1 b . _
HY (b)) = ———— [ G5 (| Bi <2)' 72 Gy (- | 2)dGr ()"
G1 (b1i) by

-1
Hence, (1) is obtained by noting that the integrand is % [fbf GZQH(' | u)dG1(u)
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A.6 Lemma 4

From Remarks 7.3.1 in Rao (1992), I know that the ‘identified maximum’ vector (Z,.J), where
Z =max{Xy,..., X} and X; = Z, identifies the distributions Fi(-),..., Fx(-) of X1,..., Xk
when X; through X are mutually independent random variables with continuous distribution
functions. Following the proof of Theorem 7.3.1 in Rao (1992), the next Lemma gives an explicit

expression for F;(-),j € {1,...,k}.

Lemma 4 Let Xq,..., X be mutually independent random variables with continuous distribu-
tion functions Fi(+),..., Fi(...). Define Z = max{Xy,..., Xx} and let J be the index such that
Xy = Z, representing the random variable that achieves the mazximum value. Given the vector
(Z,J) the distributions Fy(-),..., Fx(-) are identified, where I have

k

fa@>:em>-—é+m[§j

= oxp {— /;OO(PZ:[Z < t})‘lde(t)} :

where Hj(zx) =Pr[Z <z,J=j] forj=1,... k.

-1
mﬂ dH,(t) (52)

Proof of Lemma 4. Since H;(z) = Pr[X; is the maximum among Xi,..., X}, and X; < z],

I have

/ [ Fit)dF;( / H“F dFy( / HF )dlog Fj(t).

o itj

But, SF | Hi(t) = S2F Pr[Z <t,J =i] = Pr[Z < ] = [[*_, Fi(t). Thus,

x k
:/ 3" Hy(t)dlog Fy(1).
s

Differentiating with respect to x gives

-1
dlog Fj(x [Z H;(x ] dH;(z).

Integrating from z to +oo and noting that log Fj(+00) = 1 gives

+oo
—log Fj(z) = /

which gives (52) since Zle Hi(t)=Pr[Z <t]. m

k

-1
> Hz(t)] dH;(t),

i=1

A.7 Equivalence of 5(31, V3) and 6(Vy, V5)

Choose an arbitrary value vy from the interval [V4, V;], which fixes the domain of V3 to [Va, Va].

The specific range [Va, V3] may vary depending on the chosen v;. Based on the definition of a
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function from Epp (2010), (V4 = vy, ) implies two properties: (a) every element in [Va, V5] is
associated with an element in R4, and (b) no element in [V3, V5] is associated with more than
one element in Ry. By Theorem 3, the function s;(-) is increasing, guaranteeing the existence
of a unique by such that si(v1) = b1. Given by, the relation between [V5, V3] and R, remains
unchanged. Therefore, T can define a new function 0(sy (V1) = by,-) : [Va, V2] — Ry, which
is equivalent to d(V4 = vy,-) : [Va, Vo] — Ry. Since vy was arbitrarily chosen, I can vary v;.
Moreover, because of the increasing nature of s (-), distinct values of v; yield different b;. As a

result, I establish the equivalence 8(Vi, Va) = 6(s1(V1), Va) = 6(By, Va).
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